We consider second-order, strongly elliptic, operators H with complex almost-periodic coefficients in divergence form on Rd. First, we prove that the corresponding heat kernel is Holder continuous and we derive Gaussian bounds with the correct small and large time asymptotic behaviour on the kernel and its Holder derivatives. Secondly, we establish that the kernel has a variety of properties of almost-periodicity. Thirdly, we demonstrate that the kernel of the homogenization H of H is the leading term in the asymptotic expansion of t M K t .
Introduction
an auxiliary Diophantine condition, and he has used the resulting estimates to partially analyze the asymptotics of the semigroup kernels in the real case. His results indicate that the difference on the left of (1) should tend to zero as t -7 00 but that the O(r 1 / Z )_ behaviour is unlikely in general. Kozlov's estimates, [Koz2] Theorem 3, indicate a power behaviour O(t-6 / Z ) but in the non-periodic case 6 E (0,1). Our arguments, which are valid for all complex almost-periodic operators, give an o(1)-behaviour.
Kozlov used scaling arguments and Nash-De Giorgi estimates (see [Gia] ) to obtain his results. Subsequently Avellaneda and Lin [AvL1] [AvL2] used similar techniques to obtain detailed results for periodic systems with Holder continuous coefficients. The current proofs of kernel bounds are in part analogous to the arguments used by Avellaneda and Lin [AvL1] [AvL2] but do not~equire the Holder continuity.
Let C = (Ckl) be a dx d-matrix with complex-valued coefficients Ckl E Loo(R d ) satisfying (2) in the sense of matrices over Cd, uniformly over Rd. Further let H denote the maximal accretive operator on the complex Hilbert space Lz (R d ) (R d ) , the Banach space of almost-periodic functions, i.e., the closure of the trigonometric polynomials T (R d ) with respect to the supremum norm. The operator H generates a continuous holomorphic semigroup S on L 2 (R d ) whose action is determined by a distribution kernel K.
The homogenization Ji of H is a maximal accretive associated with a sectorial form 
Homogenization
The subsequent kernel estimates are based on a result of homogenization theory (see, for example, [BLP] or [ZKOJ) which is absolutely standard in the periodic case but not so standard in the almost-periodic setting. Since this result is crucial for the sequel we briefly describe its derivation. Our description is based on [ZKO] , Section 7.4. 
for all ( E Cd, i.e., the homogenized matrix has the same ellipticity constant as C.
Next for E > 0 let HE denote the elliptic operators on L 2 (R d ) with coefficients C(E) = (ci;~)), where c~~) = (rECkZ), and hE the corresponding sesquilinear forms. Further let fi denote the operator with coefficients C and h the corresponding form.
The principal homogenization result we need is the following. 
must be uniformly bounded. Hence the norms II~En,kIIL2(n) are uniformly bounded and by passing to a subsequence, also denoted by el, e2, ..., one may assume that n f----+~En,k converges to a limit~O,k weakly on L 2 (D) . Moreover, one automatically has
1 denote the solution to the adjoint problem
Since TJ E 1i pot one can approximate it by a family of trigonometric polynomials It remains to establish the two limits in (9). Consider the former. where the induction hypothesis (12) is used in the last step.
This proves the lemma if r E rl;. The general case is an easy consequence. Similarly,
-C e t 
Almost-periodicity
In this section we derive properties of almost-periodicity of the semigroup S and the kernel K associated with the operator H. In particular we establish the second statement of The proof is very similar to the arguments given at the beginning of Section 11 of [BrR] . The starting point is an L 2 -comparison of two semigroups generated by secondorder operators with measurable coefficients. 
Proof This is an immediate consequence of Theorem 5.1, the Gaussian bounds of Theorem 1.1.1 and interpolation. 
Concluding remarks
In Section 4 we established various forms of almost-periodic behaviour of the orbit of the semigroup 5 generated by the almost-periodic operator H. Since 5 leaves Loo (R d ) invariant one can also ask whether it leaves the subspace of almost-periodic functions A (R d ) invariant. This is indeed the case, i.e., St A(R d )~A (R d ) for all t > 0 and the orbit is uniformly almost-periodic. 
